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This paper contains two results which bear upon the zero-divisor conjecture for group rings. 
The first, proved using commutative algebra, asserts that a finitely generated torsion-free meta- 
belian-by-finite group has many torsion-free quotients of finite rank. The second result concerns 
the completion of the group algebra kG at its augmentation ideal when G is a polycyclic pro-/> 
group and k is an algebraically closed field of characteristic p>O. For example, if G is torsion- 
free it is shown that this completion is a domain. These two results imply that if G is a torsion-free 
soluble group of derived length at most three, and K is a field of characteristic zero, then KG 
is a domain. 
1. Introduction 
1.1. Historical remarks and acknowledgements 
In writing this paper, we have been motivated by our common interest in the zero 
divisor conjecture for group rings. This states that if G is a torsion-free group and 
K is a field, then KG is a domain. An excellent discussion of the problem can be 
found in Passman’s book [20], and discussion of the more recent work of Cliff, 
Linnell and Snider can be found in Section 13 of his essay [21]. 
We show in Section 5 how our results can be used to solve the conjecture for 
soluble groups of derived length at most three, over fields of characteristic zero. At 
the time this paper was first submitted for publication, in June 1986, this application 
was a considerable advance on previous knowledge, [8] and [26]. However, recent 
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important work of Moody [16] in K-theory has made possible a complete solution 
to the zero divisor conjecture for soluble groups. The application of Moody’s work 
to the conjecture and to the closely related Goldie rank problem is described in [ 131. 
Here, our two main theorems, one ring-theoretic and one group-theoretic, stand 
independently. Both are proved by using the methods of inverse limits or comple- 
tions from commutative algebra. 
The authors began this work at the Durham Symposium on Representations 
of Algebras 198.5. We are grateful to the Science and Engineering Research Coun- 
cil of Great Britain for its support of this conference, and to the organisers 
Drs. S. Brenner, M.C.R. Butler and P.J. Webb for providing the idea! environment 
for our collaboration. Much of the work was done while the third author was at 
Stuttgart University. He would like to thank Professor K.W. Roggenkamp and the 
other mathematicians there for their warm hospitality, and the Alexander von 
Humboldt-Stiftung for financial support. 
1.2. Stcrterner7t of results 
One of the difficulties with the zero divisor conjecture has always been that very 
little is known about the structure of torsion-free groups. In fact there is one special 
class of torsion-free groups, the locally indicable groups, for which the zero divisor 
conjecture has been established by fairly elementary methods, and the recent work 
of Howie [12] provides large classes of examples of these groups. Our first result 
bears on this problem; it shows that torsion-free metabelian-by-finite groups, which 
need not be locally indicable, satisfy a generalised form of the locally indicable 
property. 
Theorem A. Lrt G be a finitely generuted torsion-free metabeliun-by:finite group, 
and let N be u norrml subgroup of finite index. Then there exists u normal subgroup 
K qf G which is contained in N, and such that G/K is torsion-free of finite rank. 
Within the class of soluble groups there are several different notions of finite 
rank. For example, G is said to be qf.finite torsion-free runk if and only if .S/r@Q 
is finite-dimensional for each abelian section S/T of G. A second commonly used 
definition is that of finite friifer runk, meaning that there is an integer /‘such that 
every finitely generated subgroup of G can be generated by r elements. A discussion 
of these and further definitions can be found in [22]. Regarding Theorem A, it does 
not matter which one is chosen, because a!! the notions of finite rank coincide within 
the class of torsion-free soluble groups. 
In the fundamental work [9], Hall proved that finitely generated metabelian-by- 
finite groups are residually finite. Therefore we have the following immediate con- 
sequence of Theorem A: 
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Corollary Al. Every finitely generated torsion-free metabelian-by-finite group is 
residually (torsion-free of finite rank). 0 
It is an open question whether or not the profinite completion of a torsion-free 
residually finite group is necessarily torsion-free. This seems unlikely to be true in 
general, and so the positive result below may be of interest: 
Corollary A2. The profinite completion of a finitely generated torsion-free meta- 
belian-by-finite group is torsion-free. 
Our second theorem is ring-theoretic in nature. Let k be a field of characteristic 
p>O, and let G be a pro-p group. When considering discrete kG-modules, it is 
natural to replace the ordinary group ring kG by its completion: 
kG^ = l@ kc/g’. 
A pro-p group is said to be polycyclic if and only if it has a finite subnormal series 
of closed subgroups in which the factors are cyclic as pro-p groups. We shall prove 
the following facts about the completed group rings for these groups: 
Theorem B. Let k be an algebraically closed field of characteristic p > 0, and let G 
be a polycyclic pro-p group. Then kG^ is a Noetherian local ring. Furthermore, if 
G is torsion-free, then kG^ has finite global dimension, and is a domain. 
One sees that the completed group ring kG^ enjoys many properties which fail 
for the abstract group ring kG. Of course the result does show that kG is a domain, 
because there is a natural inclusion kG + kG^. This fact is also proved in [ 131, while 
the stronger statement that kG^ is a domain cannot be deduced from results in [ 131. 
We thank Professor R. Snider for pointing out that a result of Lenzing [14] could 
be used to improve our original statement of this Theorem. 
1.3. Layout of the paper 
Some basic results about profinite completions of abstract groups are established 
in Section 2. Theorem A and its corollaries are proved in Section 3. In Section 4 
we prove Theorem B: this is proved without using the earlier results of the paper, 
and so Section 4 may be read independently. The application of the Theorems to 
a special case of the zero divisor conjecture is described in Section 5. An important 
step in our proof of Theorem A is the following result, which may be of independent 
interest: 
Theorem C. Let R be a finitely generated commutative ring, and A4 a finitely gener- 
ated R-module which is Z-torsion-free. If U is a submodule of finite index in A4, 
then there exists a submodule V of U such that M/V is Z-torsion-free of finite rank. 
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2. Profinite completions of minimax groups 
Recall that a soluble-by-finite group is said to be minimax if and only if it has 
a series l=G,aG,a... a G,, = G in which the factors are finite, cyclic or quasi- 
cyclic. In part, the purpose of this section is to show that for these groups, the 
property of being torsion-free is inherited by profinite completion. While there may 
be a purely group-theoretic proof of this, we have preferred a more streamlined 
argument relating the cohomology of G to the Galois cohomology of its profinite 
completion. 
Lemma 2.1. Let G be a torsion-free-by-finite soluble-by-finite minimax group, and 
let M be a finite ZG-module. Regarding M as a discrete module for the profinite 
completion GA of G, there is a natural isomorphism H”‘(G^,M) + H"'(G, M), for 
all m. 
Proof. We use induction on the length of a series for G whose factors are either 
finite or torsion-free abelian of rank one. Let H denote the largest proper term of 
such a series. Thus H is closed in the profinite topology on G and it is well known 
that within this class of groups, the subspace topology which H inherits coincides 
with its profinite topology. Thus H^ may be identified with the closure of H in G*, 
and (G/H)- is isomorphic to G-/H-. One therefore has a spectral sequence 
H”((G/H)-, H5(H-,M)) =P H”+‘(G-,M). 
Moreover, there is a natural map from this to the corresponding spectral sequence 
for discrete groups, and it is sufficient to check that this is an isomorphism on the 
El-pages. Note first that H’(H^, M)z H’(H, M) by induction, and that H’(H, M) 
is finite by [23, Lemma 4.41. Thus one need only check the lemma in the archetypal 
case G/H, and this is easily done by using the methods of [23]. Cl 
Corollary 2.2. If G is a torsion-free soluble-by-finite minimax group, then the pro- 
finite completion of G is torsion-free. 
Proof. Here, G has finite cohomological dimension; see [3, Theorem 7.101. Lemma 
2.1 now shows that the completion G- has finite cohomological dimension as a pro- 
finite group, and so must be torsion-free. 0 
Let p be a prime. We shall say that a group is p-nilpotent if and only if every finite 
quotient is p-nilpotent. For such a group, the pro-p completion may be identified 
with a Sylow p-subgroup of the profinite completion, and therefore we may state 
the following consequence of Corollary 2.2: 
Corollary 2.3. If G is a torsion-free p-nilpotent soluble-by-finite minimax group, 
then the pro-p completion Gt; is torsion-free. 0 
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3.1. Commutative algebra and Theorem C 
In this section we adopt the convention that all rings are commutative. In particu- 
lar we shall use R to denote a commutative ring, and (R, m, k) will always denote 
a local ring with maxima1 idea1 m and residue field k. We begin by stating a special 
case of Theorem C, and showing that the genera1 case follows easily from it. The 
remainder of the section is then devoted to establishing this special case. 
Proposition 3.1. Let R be a finitely generated omain of characteristic zero, let tn 
be a maximal ideal of R and let j be a positive integer. Then there is an ideal X of 
R such that R/X is U-torsion-free of finite rank and XC mJ. 
Deduction of Theorem C. Let R be a finitely generated commutative ring, A4 a 
finitely generated R-module which is Z-torsion-free, and U a submodule of finite 
index in M. It is required to prove that there is a submodule I/of ZJ such that M/V 
is Z-torsion-free of finite rank, and we begin with two special cases. 
Case 1. R is a domain, M is an ideal of R, and I/ is maximal in M. 
Here, M/U is isomorphic to R/m for some maximal ideal m of R. Let W be an 
idea1 of R maxima1 subject to WHIM= U. The Artin-Rees lemma shows that 
mJ c W for some positive integer i. Using Proposition 3.1, choose an ideal X of R 
contained in rnj such that R/X is Z-torsion-free of finite rank. Then V=MnX is 
a suitable choice, for in the first place M/A4n X is L-torsion-free of finite rank; and 
secondly X is contained in W so that Mn X= Un X is a submodule of U. 
Case 2. R and A4 may be general, and U is a maximal submodule of A4. 
Let P be an associated prime of M, so that M has a submodule N isomorphic to 
R/P. Let T be the Z-torsion submodule of A4 modulo N. If T is contained in 
U, then we may pass to the quotient M/T and obtain the desired conclusion by 
Noetherian induction. If not, then consider Ufl T which is maximal in T. Now T/N 
has finite exponent e, say, and so eT is a submodule of N. Since T is torsion-free, 
it follows that T= eTc N= R/P, and applying Case 1, there is a submodule X of 
T such that T/X is Z-torsion-free of finite rank. Now X is bound to be non-zero 
unless R/P already has finite torsion-free rank. Thus we reduce finally to the case 
when R/P has finite rank for every choice of associated prime P, and in this case 
A4 itself must have finite rank so there is nothing to prove. 
Case 3. The general case. 
We argue by induction on the composition length of M/U. Let W/U be a maxi- 
mal submodule of M/U. Choose a submodule X of W using Case 2 and a submodule 
Y of U by induction, so that both M/X and W/Y are torsion-free of finite rank. 
Now set V= Xfl Y. Certainly V is contained in U. Finally X/V= X+ Y/Y is a sub- 
module of W/Y, and so X/V is torsion-free of finite rank, whence M/V is also. 0 
Thus Theorem C is reduced to the special case of Proposition 3.1. The philosophy 
of the proof of Proposition 3.1 may be outlined as follows. If R is a finitely gener- 
ated domain of characteristic zero, with Krull dimension at least two, say, then one 
easily finds ideals I such that R/I is Z-torsion-free of finite rank. Indeed it is not 
hard to see that the intersection of all primes with this property is zero. On the other 
hand, the conclusion of Proposition 3.1 appears to be rather stronger than can be 
obtained from this type of residual behaviour. For example, if (J,,; n> 1) is a 
descending chain of ideals in R which intersect trivially and I is an ideal of finite 
index, then there certainly need not be any choice of n 2 1 such that J,, c I. Even if 
R is a local ring, there seems to be no general reason why this should be the case. 
However if R is a compact topological ring, so that the ideals I and J,, are closed 
in the topology, then an easy argument using the compactness allows one to draw 
the conclusion J,, c I for some n. For this reason, in proving Proposition 3.1 we 
shall work with completions of the original ring R. We ask the reader to bear with 
the technicalities which inevitably arise from the need to keep close control of the 
relationship between R and its completions. Needless to say, all the necessary results 
can be found in the books [2,15,19]. We have found Nagata’s book especially im- 
portant here. 
The following two lemmas prepare the ground for Proposition 3.1: 
Lemma 3.2. Let R be a finitely generated integral domain of characteristic zero, let 
p be a prime, and let tn be a maximal ideal such that pR c III. Then there e.Cst d 2 0, 
and x,, . . . . x,! in R such that QR is a finitely generated Q[x,, . ,x,1-module and 
p,x,, . . . ,x;/ is a system of parameters for R ,,,. 
Remark. The choice of x1, . . . , xc, to satisfy either one of the conclusions here is a 
standard and well-known method. For our purposes it is very useful that this choice 
should satisfy both conclusions simultaneously. 
Proof. Using [19, (9.7)] let p, y,, . . . , y, be a system of parameters for R,,,, such that 
each y, lies in R. Thus d+ 1 is the least number of generators of an n-primary ideal 
of RI,,, and so by [2, Theorem 11.141, R,,, has Krull dimension d+ 1. Since R is a 
finitely generated domain one knows, by an elementary variation on [2, Theorem 
11.251, that any two maximal chains of primes in R have the same length, and hence 
that R has Krull dimension d+ 1 also. Thus QR has Krull dimension at most d, and 
we show that y,, . . . . y, are algebraically indepedent over Q, so that Q/? has dimen- 
sion exactly d. Suppose that ,f‘( y,, , y,,) = 0, where .f is a polynomial with coeffi- 
cients in Z but not all in pZ. Write f = g(p, y,, . . . , y,,) where g is a polynomial with 
all coefficients in Z\pZ. If g equals g, + (terms of higher degree), where g, is 
homogeneous of degree s and g,+O, then g,(p, y,, . . . . y,,) belongs to III”‘. By [2, 
Proposition 11.201, all coefficients of g, lie in mnZ =pZ, a contradiction. 
Thus QR is algebraic over Q(y,, . . . . y,,). Let J be the m-primary ideal of R,,, 
generated by p, y,, . . . , y,. If x ,, . . ,x,, is any choice of elements of R such that 
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x,-_Y;E& for each i, thenp,x ,,..., xd will again be a system of parameters of R,. 
Following the proof of Noether’s normalisation lemma [2, Chapter 5, Exercise 161 
we may choose x, such that x,-y,~pJ~rnJ, and QR is finitely generated as a 
Q]x ,, . . . ,x,1-module; this completes the proof. 0 
Lemma 3.3. Let (R, m, k) be a complete Noetherian local ring. Suppose that R is Z- 
torsion-free, and that k is a finite field of characteristic p, If p, x1, . . . , xd is a system 
of parameters for R, then x, , . . . , x, are analytically independent over Z,, and R is 
finitely generated qua zI,[[x,, .., , xd]]-module. 
Proof. Let I be a coefficient ring for R [ 19, p. 1061. Then I is a complete local ring 
with maximal ideal pl, and I/p1 is isomorphic to k. Clearly I cannot have Krull 
dimension zero, otherwise p would be nilpotent and R would be L-torsion. There- 
fore I is a complete regular local ring of dimension one, and is finitely generated 
over Zp. By [19, Theorem 30.61, R is finitely generated as an Z[[x,, . . ..xd]]-module. 
and hence also as a ?$[[x,, . . . , x,,]]-module. Since R has Krull dimension d+ 1, 
it follows that x,, . . . , x, are indeed analytically independent over Z$,, and that 
&,]]x,, . ..1 xd]] is isomorphic to the abstract power series ring in d variables over 
Z/I. 0 
We now come to the proof of Proposition 3.1. There are two important results 
which underlie our arguments. Let (R, m, k) be a Noetherian local ring. Then R is 
said to be quasi-unmixed (or formally equidimensional) if and only if given any 
minimal prime Q of the completion R^ we have the equality dim R-/Q= dim R of 
Krull dimensions. The common depth is then equal to the Krull dimension of R. We 
refer the reader to [19, $9 25 and 341 for further details. For our purposes, the im- 
portant point is that the localisation of a finitely generated domain at a maximal 
ideal is quasi-unmixed, by [19, Theorem 34.91. 
One says that R is analytical/y unramified if and only if the completion of R has 
no non-zero nilpotent elements. The discussion in [ 15, 5 3 l] shows that a localisation 
of a finitely generated domain at a maximal ideal is analytically unramified. 
Proof of Proposition 3.1. Let R be a finitely generated domain of characteristic 
zero. Let m be a maximal ideal of R, and let j be a positive integer. Using Lemma 
3.2, let p,x,, . . . . x, be a system of parameters for R,,,, such that QR is a finitely 
generated (R[x,, . . . , x,,]-module. Here, p is the characteristic of R/m, and we 
assume that the x, are chosen from R. Let R^ denote the m-adic completion of R, 
and m^ the maximal ideal of R^. Let Q,, . . . . Q5 be the minimal primes of R^. By 
Lemma 3.3, R^ is finitely generated qua Zp[[x,, . . ..x(.]]-module, and since R,,, is 
quasi-unmixed, each of the domains R-/Q, has Krull dimension d+ 1. Therefore 
Qi n Z,,[[x,, . . . ,x,,]] = 0 for each i. It follows from the Going Up Theorem that 
there exist prime ideals P,, . . . , P, of R^ such that P, 2 Q, and P, n Z,,[[x,, . . . ,xd]] = 
(x ,,...,x,/). Set Z=QP, fl ... fTQP,, an ideal of QR^. Since 
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(I+ QQiVQQ, c W’,/QQ; f QR/QQ;, 
we see from Krull’s theorem [2, 10.181 that 
,?, 1’ c (DQi, for each i. 
But R,,, is analytically unramified, and so Q, fl ... n Q, = 0, which ensures that 
,Q, l”=O. 
An application of [19, Theorem 30.11 shows that I”fl R^ c (m^)’ for some n. Set- 
ting X= I” n R, we have XC tt$. Since UJR^/I ‘I is Z-torsion-free, we see that R/X 
is Z-torsion-free. Finally f > (x,, , . . , xd), hence CJR/If? UJR is finite-dimensional as 
a Q-space and we conclude that R/X has finite rank as required. n 
3.2. The proof of Theorem A and its corollaries 
Theorem A shows that a finitely-generated torsion-free metabelian-by-finite 
group possesses many torsion-free quotients. In fact, the essential difficulties are 
encountered in proving that such a group has at least one non-trivial torsion-free 
quotient of finite rank. We prove this in Proposition 3.6 below. It is then easy to 
deduce Theorem A and its corollaries. We begin with some simple lemmas, taking 
a rather naive cohomological approach to determining whether or not a group is 
torsion-free. 
Lemma 3.4. Let H be a group oj’prime order p, and let M be a ZH-module. Sup- 
pose given a group exlension MM L ++ H, and a generator g of L module M. 
Writing M additively, and L, H mu(tiplicatively, the following are equivalent: 
(i) The extension is non-split; 
(ii) g” does not belong to M(l+g+...+g”-I). 
Furthermore, when A4 is Z-torsion-free, these conditions are equivalent to the 
statement that L be torsion,free. Z1 
The proof is straightforward, and is left to the reader. We have need of one fur- 
ther lemma, which is no doubt well-known. 
Lemma 3.5. Let Q be a finitely generated abelian-by-finite group. Then ZQ has a 
.finitely generated central subring S over which it is a finitely generated module. 
Proof. Choose an abelian normal subgroup A of Q such that Q/A is finite. Now 
Q/A acts on Z4 as a group of ring automorphisms; let T be the subring of Q/A- 
fixed points. One readily checks that ZL4 is integral over T; see [2, Exercise 12, 
Chapter 51. Since &I is a finitely generated ring, one can choose a finitely generated 
subring S of T such that Z4 is integral over S. It is now clear that S has the required 
properties. 0 
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Remark. Both the centre of ZQ and the subring T introduced above actually enjoy 
the same properties as S, but we shall not use these facts. 
It is convenient to fix some notation to prepare for the proof of Theorem A. Let 
G denote a finitely generated torsion-free metabelian-by-finite group, and let A4 be 
an abelian normal subgroup such that Q = G/A4 is abelian-by-finite. We shall regard 
G and Q as multiplicative groups, and M as a ZQ-module. The following result is 
a consequence of Theorem C: 
Corollary Cl. If U is a Q-submodule of finite index in A4, then there is a Q-sub- 
module V of U such that M/V is torsion-free of finite rank. 
Proof. Let A be an abelian normal subgroup of finite index in Q, and let X be a 
transversal to A in Q. Theorem C shows that there is an A-submodule W of U such 
that M/W is torsion-free of finite rank, and one may set 
We now establish the crucial result which underlies Theorem A. 
Proposition 3.6. There is a normal subgroup N of G, contained in M, such that 
G/N is torsion-free of finite rank. 
Proof. Let H be a subgroup of Q of prime order p, and let L denote its preimage 
in G. Using Lemma 3.5, choose a finitely generated central subring S of ZQ such 
that ZQ, and also M, are finitely generated S-modules. Let g E G be a generator of 
L modulo M. Since G is torsion-free, Lemma 3.4 shows that 
Note that M(l+g+..~+g~~‘) is an S-submodule of M. Let W be an S-sub- 
module maximal subject to containing M(l + g + ... + gPm ‘) and not containing g”. 
Thus M/W is a monolithic S-module, and a standard application of Hilbert’s 
Nullstellensatz and the Artin-Rees property shows that it is finite. Let J be the an- 
nihilator of M/W in S. This is an ideal of finite index in S, and so MJ is a submodule 
of finite index in M. In fact MJ is a Q-submodule of M, and it is contained in W. 
Furthermore, Lemma 3.4 shows that the group extension M/MJ++ L/MJ+ H is 
non-split, because of the choice of W. By Corollary Cl, there is a Q-submodule Y 
of M contained in MJ, such that M/Y is torsion-free of finite rank. Thus L/Y is 
torsion-free of finite rank. 
Now let H,, . . . . H, be representatives of the finitely many conjugacy classes of 
subgroups of prime order in Q, and let L,, . . . , L, denote their preimages in G. If N 
is a Q-submodule of M, then G/N is torsion-free if and only if each L,/N is 
torsion-free. Hence we may choose, for each i, a Q-submodule Y of A4 such that 
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L,/Y, is torsion-free of finite rank, and set N= Y, fl... n Y,. Then G/N is torsion- 
free of finite rank as required. 0 
We can now easily deduce 
Theorem A. Let G be a finitely generated torsion-free metabelian-by-finite group, 
and let U be a normal subgroup of finite index. Then there is a normal subgroup 
D contained in U such that G/D is torsion-free of finite rank. 
Proof. We shall continue to use the notation introduced before Corollary Cl. Let 
N be chosen using Proposition 3.6 so that G/N is torsion-free of finite rank, and 
N is contained in M. By Corollary Cl there is a Q-submodule V of A4 contained in 
Mn f-J, such that M/k’ is torsion-free of finite rank. Setting D= V’nN yields the 
desired result. 0 
As pointed out in the introduction our first corollary of this result may be de- 
duced by using Hall’s result on residual finiteness. The second corollary is 
Corollary A2. The profinite completion of a finitely generated torsion-free meta- 
belian-by-finite group G is torsion-free. 
Proof. Theorem A shows that the profinite completion G* of G can be expressed 
in the form IiF(G/D)^, where D runs through the normal subgroups such that G/D 
is torsion-free of finite rank. Now, the profinite completions (G/D)* are all torsion- 
free by Corollary 2.2, and hence G^ is torsion-free. ii 
4. Polycyclic pro-p groups 
The purpose of this section is to deduce Theorem B from the results of [6]. We 
fix an algebraically closed field of characteristic p>O. Let G be a polycyclic pro-p 
group. Thus G admits a series 1 = GOa G, a 1.. aG, = G of closed subgroups in 
which the factors are either finite cyclic of p-power order, or isomorphic to the addi- 
tive group ZI, of p-adic integers. We shall always work with closed subgroups in 
this section, and henceforth we refer simply to subgroups. 
In studying discrete kG-modules, it is natural to work with the completion 
kG* = Ii&n kc/g’ 
in place of the usual group algebra kG. Indeed kG^ enjoys many properties which 
are far from true of kG. 
Proposition 4.1. The completion kG^ is a Noetherian local ring and all its right 
ideals are closed in the natural topology. 
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Proof. We shall write I’* for the dual Hom,(l/;k) of a k-space I’, and set 
R(G) = lim k[G/N]* + 
where N runs through the normal subgroups of finite index in G. It is clear, as in 
the proof of [18, Theorem 2.21 for example, that we may also write 
kG^ = lip k[G/N]. 
Regarding R(G) as a Hopf algebra, one sees that kG^ is isomorphic as a k-algebra 
to the dual R(G)*. Note that R(G) is irreducible, in the sense that it has a unique 
simple subcoalgebra, and consequently kG^ is a local ring; see [l, Theorem 2.3.91. 
Now R(G) is simply the construction of [17, $21 for pro-p groups G and finite- 
dimensional discrete kG-modules, so we may construct the corresponding affine 
group scheme A(G). By [17, $2.101 the assignment G H A(G) is a right exact func- 
tor. Since A(Z$) is clearly the infinite cyclic affine group scheme in the sense of [6], 
A(G) is polycyclic and kG^ is Noetherian by [6, Theorem Dl]. The fact that all right 
ideals of kG^ are closed now follows from [l 1, Theorem 21. 0 
This establishes the first part of Theorem B, and the remainder is fairly easily 
deduced once the following fact is proved: 
Lemma 4.2. If G is torsion-free, then kG^ has finite global dimension. 
Proof. Since G is a torsion-free pro-p group, it has finite cohomological dimension 
as a pro-p group. This follows from the fact that the additive group Z/, has CO- 
homological dimension one, combined with [24, 0 3.3, Proposition 151 and the main 
theorem of [25]. It is easy to deduce from this that kG^ has finite global dimension. 
First note that the trivial module k admits an injective resolution 
within the category of discrete kG-modules. Now R(G), viewed as a right kG- 
module, is an injective hull of the trivial module, and is Artinian because kG^ = 
R(G)* is Noetherian. Hence we may choose each IJ to be a direct sum of finitely 
many copies of R(G). One now obtains a finite projective resolution of k over kG^ 
by dualising: 
In particular it follows that Ext$! (k, k) vanishes. Now [15, Theorem 411 states 
that if R is a commutative Noetherian local ring with residue field k, and if 
Tort:“, (k, k) vanishes, then R has global dimension at most n. The arguments used 
to prove this apply equally well when Tor is replaced by Ext, and in fact the com- 
mutativity assumption plays no essential role. Thus an easy variation on this result 
of commutative algebra shows that kG^ has finite global dimension. 0 
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Theorem B. Let k be an algebraically closed field of characteristic p > 0, and let G 
be a polycyclic pro-p group. Then kG^is a Noetherian local ring. Furthermore, if 
G is torsion-free, then kG^ has finite dimension, and is a domain. 
Proof. In view of Proposition 4.1 and Lemma 4.2, it remains only to prove that 
in case G is torsion-free, kG^ is a domain. We thank Professor R.L. Snider for sup- 
plying the following argument, and for his permission to include it here. 
We may assume that kG^ is a Noetherian local ring of finite global dimension. 
Let Z denote the nil radical of kG1 Then kGYZ is a domain; this follows from [5, 
Theorem 10.6 and Remark (1) on p. 1381. Now Z consists of the nilpotent elements 
of kG*, and according to Lenzing [14], every such element is a sum of ring commu- 
tators. Hence, for any normal subgroup N of finite index in G, the image of Z in 
k[G/N] comprises elements of trace zero. By the trace of an element of k[G/N], 
we mean, here, simply the coefficient of the identity of G/N in k. Since Z is an ideal, 
this forces the image of Z in I([G/N] to be zero. Therefore I=0 as required. 3 
5. Applications 
5.1. A special case of the zero divisor conjecture 
Throughout this section, K denotes a field of characteristic zero. Here we bring 
all the results of the paper together to prove the following special case of the zero 
divisor conjecture: 
Theorem 1). Let G be a torsion-free soluble group of derived length at most three. 
Then KG is a domain. 
This is a very special case of results in [13], although the methods we use here are 
rather different, and it is interesting to draw a comparison. In [13], all is dependent 
on an important K-theoretic result [16] of Moody. It has long been recognised [8] 
that K-theory is relevant to the zero-divisor conjecture for soluble groups, but that 
by increased use of homological and group-theoretic methods one can minimise the 
depth of K-theoretic results required. In this paper we have been motivated by the 
work of Snider [26] to obtain Theorem D with very little resort to K-theory. 
Using the results of Section 3, we shall deduce Theorem D from the following 
result: 
Theorem Dl. Let G be a torsion-free soluble group of finite rank. Then KG is a 
domain. 
Deduction of Theorem D from Theorems A and Dl. Let G be a torsion-free soIuble 
group of derived length at most three, and let T/G’ be the torsion-subgroup of 
Torsion-free soluble groups 193 
G/G’. Thus T is locally metabelian-by-finite, and G/T is torsion-free abelian. By 
Theorem A, every finitely generated subgroup S of T is residually (torsion-free of 
finite rank), and we may conclude from Theorem Dl that KS is a domain. Hence 
KT is a domain. Now KG is a directed union of iterated twisted Laurent polynomial 
rings over KT, and so is also a domain. 0 
It remains to show that Theorem Dl can be deduced from the results of Section 
4. We begin with a simple lemma which provides the link between soluble groups 
of finite rank and polycyclic pro-p groups. 
Lemma 5.1. The pro-p completion Gd of a soluble minimax group G is a 
polycyclic pro-p group. 
Proof. Plainly G; is a cyclic pro-p group whenever G is cyclic, and is trivial when 
G is quasicyclic. Now, given a short exact sequence 
l-+N+G+Q+l 
of groups, one obtains the following exact sequence of pro-p completions: 
N;+G;+Q,;+l. 
Hence the class of groups whose pro-p completions are polycyclic is extension clos- 
ed, and thus at least all soluble minimax groups belong to it. 0 
We shall have need of one further technical result: 
Proposition 5.2. Let H, be a soluble minimax group, and let A c N c H be normal 
subgroups uch that N is torsion-free nilpotent, H has finite index, and H/N is free 
abelian. If K [H, /A] is a domain, then KH, is a domain. 
We postpone the proof of this, showing first how it is applied in the 
Deduction of Theorem Dl from Theorem B. Let G be a torsion-free soluble group 
of finite rank. In proving that KG is a domain, we may assume that G is finitely 
generated, and in particular that it is minimax, by [22, Theorem 10.381. In fact the 
proof of this theorem of Robinson shows in addition that G has normal subgroups 
NC Go such that N is nilpotent, Go/N is free abelian of finite rank, and G/G,, is 
finite; see [22, Theorem 10.331 for further details. It is well known that KG” is an 
Ore domain. A proof of this may be found in [26, Lemma 31. Thus the difficulty 
lies solely in stepping from Go to G. 
Let 71 denote the set of primes dividing [G : Go]_ Let H denote the intersection of 
the centralisers (in G,) of the p-chief factors of G, as p runs through T[. Thus H 
is a characteristic subgroup of finite index in G,, and it is p-nilpotent for each p in 
n. Now let (T be the set of primes dividing [G : H], and for each p in 0 let H(p)/H 
be a Sylow p-subgroup of G/H. According to Brown, see [26, Lemma 11, KG is a 
domain if and only if KH(p) is a domain for each p in o. 
If p does not belong to TI, then H(p) is contained in G, and so KH(p) is con- 
tained in the domain KGo. Henceforth we assume that p is a fixed prime of A and, 
as a first step, we deduce from Theorem B that K[H(p)/A] is a domain, where A 
denotes the finite-p residual of H(p). 
Corollary 2.3 and Lemma 5.1 show that the pro-p completion H(p);, of H(p) is 
a torsion-free polycyclic pro-p group. Here it is important that H(p) is p-nilpotent, 
but this is clear since it is an extension of the p-nilpotent group H by a finite p- 
group. Theorem B shows that for any algebraically closed field k of characteristic 
p, the completed group algebra k[H(p);,]^ is a domain, and thus k[H(p)/A], 
which embeds in this ring, is also a domain. An easy place argument, which may 
be found in [4, $31, now shows that K[H(p)/A] is a domain for any field K of 
characteristic zero. 
The reader will realise that Proposition 5.2 has been designed specifically to apply 
to the present situation. Indeed, setting H, = H(p), one sees that the subgroups A, 
N and H already introduced take up their places in Proposition 5.2. We clarify one 
point here; the subgroup A was defined to be the finite p-residual of H(p), and the 
fact that A is contained in N follows from the fact that H(p)/N is an extension of 
a free abelian group of finite rank by a finite p-group, and so is plainly a residually 
finite p-group. Thus according to Proposition 5.2, KH(p) is a domain, and this 
completes the proof of Theorem Dl. II 
5.2. The proof of Proposition 5.2 
Throughout this section we continue with a fixed field K of characteristic zero, 
and use the notation set out in Proposition 5.2. Note that H, must be torsion-free, 
because K[H,/A] is a domain. We shall adopt the convention that Gothic letters 
denote augmentation ideals, and set S = KN \n. Since N is a finite rank torsion-free 
nilpotent group, it follows from [26, Theorem B] that one can form the localisation 
KM-’ and that this new ring is Noetherian. Furthermore N is normal in H and 
H,, so as in the proof of [20, Lemma 13.3.5(ii)], one can also form the rings 
KHS ’ and KH,S-‘. 
Lemma 5.3. In fuc’t, KHS- ’ is u Noetherian domain and KH, S-’ is u prime ring. 
Proof. [26, Lemma 31 shows that KHS-’ is a domain. Since H, is torsion-free, it 
has no non-trivial finite normal subgroups, and so KH,S’ is a prime ring by [20, 
Theorem 4.2.101. Finally KHS -’ is Noetherian because it is an iterated twisted 
Laurent polynomial ring over the Noetherian ring KNS-‘. 3 
We shall need two further lemmas and here we require a certain concept of rank. 
Let R denote the ring KHS-‘, and let /1 denote the set of regular elements of R. 
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Then one can form the localisation RA-‘, which is a simple Artinian ring. In fact, 
because R is a domain, /1 actually comprises all non-zero elements of R, and R/1-’ 
is actually a division ring. If M is a finitely generated R-module, then we define 
rank,(M) to be the dimension of M/1-’ =MOR R/1-’ as an R/1-‘-vector space. 
We refer the reader to [S, $21 for further details of this notion of rank. For our pur- 
poses the following fact is important for computation: 
Lemma 5.4. If P is a finitely generated projective R-module, then rank,(P) = 
dim, (P OK K). 
Proof. We regard K as a trivial H-module, and as such it admits an action of R. 
The statement above is then precisely the claim in [26, Theorem A]. L1 
Lemma 5.5. The group ring KH, is a domain if and only if [H, : H] divides 
dim, P/P6 for all finitely generated projective KH, S-‘-modules P. 
Proof. In view of Lemma 5.3, we may apply [26, Lemma 21 with R = KHS-’ c 
KH,S-‘. Since POK K= P/Ph, the result now follows from Lemma 5.4. fl 
Proof of Proposition 5.2. Let P be a finitely generated projective KH, S ‘-module. 
Then by Lemma 5.5 we need to show that [H, : H] divides dimK P/Pf). Observe 
that H,/A is torsion-free, and Lemma 5.5 may be applied equally well to the ring 
K[H,/A]T-‘, where T denotes the complement of the augmentation ideal in 
K[N/A] and replaces S. Now Q = P/Pa is a finitely generated projective 
K[H, /A] T-‘-module and so [H, : H] divides dim, (Q/Qh) = dim, (P/Plj). There- 
fore, by a further application of Lemma 5.5, KH, is a domain as required. 17 
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